We study multifractal properties in the spectrum of effective time-independent Hamiltonians obtained using a perturbative method for a class of delta-kicked systems. The evolution operator in the time-dependent problem is factorized into an initial kick, an evolution dictated by a timeindependent Hamiltonian, and a final kick. We have used the double kicked SU (2) system and the kicked Harper model to study butterfly spectrum in the corresponding effective Hamiltonians. We have obtained a generic class of SU (2) Hamiltonians showing self-similar spectrum. The statistics of the generalized fractal dimension is studied for a quantitative characterization of the spectra.
Hamiltonian systems undergoing periodic delta kicks are studied extensively as a generic model for classical and quantum chaos [1] . This has found new relevance in the possibilities of engineering such systems using ultra-cold atoms [2] . In the traditional approach, such time-dependent systems are theoretically studied using the Floquet analysis whereby the quasienergy spectrum is investigated for the signature of quantum chaos [1] and quantum criticality with varying parameters of the Hamiltonian [3, 4] . Quantum chaos studies have also shown the existence of fractal butterfly patterns in the quasienergy spectrum of periodically driven systems [5] [6] [7] [8] indicating an infinite number of quantum phase transitions [9] . These systems are particularly interesting in the fact that though their classical phase space dynamics may be chaotic, the quantum quasienergy spectrum does not follow the celebrated Bohigas-Giannoni-Schmit conjecture [10] . We focus on two such systems. The first one consisting of driven SU (2) operators is also known as the double kicked top model. This system is of interest as it finds realization through driven two-mode BEC systems [6, 7] . Secondly, we look at the kicked Harper model. The time-independent version of the Harper model represents the behavior of electrons in periodic lattice in the presence of a constant magnetic field in the tight-binding nearest neighbor approximation [11, 12] .
It is possible to construct a time-independent effective approximate Hamiltonian for such time-dependent systems when the frequency of the periodic driving is large. Traditionally, the effective Hamiltonian is obtained from the Floquet operator using the Cambell-Baker-Hausdorff (CBH) or Trotter expansion. It has been shown that the CBH method to study the kicked systems suffer intrinsic flaws and an alternative formulation [13, 14] is better suited for more accurate analysis of such systems [4] . The effective Hamiltonian thus obtained is found to mimic the exact time-evolution for a large range of parameter values.
In this paper, we have investigated for fractal spectrum in the effective time-independent Hamiltonian obtained from the Floquet operator using the perturbative method used in earlier works [13, 14] . We have used the double kicked SU (2) system [6, 7] and the kicked Harper model [8] to study fractal spectrum in the corresponding effective Hamiltonians. We have obtained a generic class of SU (2) Hamiltonians showing self-similar spectrum in finite dimension. These models revealing butterfly spectra also contain the Harper model as a special case. We study in detail the (multi)fractal properties of the eigenvalues and eigenstates of the effective Hamiltonians for all the models considered. The statistics of the generalized fractal dimension is studied to quantitatively understand their scaling behavior.
A general time-dependent problem where H(t) = H 0 + V (t), with a time-periodic potential V (t) = V (t + T ) of periodicity T has a Floquet operator F (t) which corresponds to the time-evolution operator for one timeperiod. The traditional approach to extract an effective static Hamiltonian one writes F = exp(−i H eff T ) and uses the CBH expansion to read out H eff up to any order in T ∼ 1/ω. This method, however has been found to suffer from several inadequacies.
The method used in Refs. [13, 14] expresses the timeevolution operator U (t i → t f ) between time instants t i and t f = t i + T , as a sequence of operations consisting of an initial kick followed by an evolution under a timeindependent Hamiltonian and a final 'micro-motion'
where U(t) = e i F (t) such that F (t) = F (t + T ) with zero average over one time period. For high-frequency pulsing, the operators H eff and F (t) can be expanded as a perturbation series in 1/ω of the form
This ansatz along with Eq. (10) can be used to obtain H eff and F (t) up to any desired accuracy. In this method, the average time-independent part is retained in H eff and all the time-dependence is pushed to the operator F (t) at each order of perturbation. The convergence of the perturbation series has been surmised in earlier works [13, 14] . The periodic potential V (t) may be expanded in a Fourier series as
The truncated series for H eff and F (t) up to O(1/ω 2 ) can be expressed in terms of the Fourier coefficients of V (t) [14, 15] . We use this as the general expression for the effective Hamiltonian for periodically driven systems.
We consider the double kicked top model with the Hamiltonian [6, 7] 
The J i s here represent SU (2) generators in the d = (2j + 1) dimensional Hilbert space. The corresponding Floquet operator is given by [6, 7] 
where J + denotes the operator ( J x + i J y )/2. The quasiperiodic nature of the factor e i[η(2 Jz +½)/2j] for irrational values of the parameter η/j leads to interesting spectral properties [6, 7] . The above Floquet operator can also be obtained from a different driven SU (2) Hamiltonian of the form
This is a single kicked system whose Floquet operator, given in Eq. (4), matches exactly with that of the double kicked top and thereby exhibits interesting Cantor set properties in the quasienergies spectrum. The possibility of experimental realization of this system has been studied [16] . We are interested in the spectral properties of the effective approximate static Hamiltonian corresponding to this system. The effective Hamiltonian is given by
Fig. 1(a) shows the folded energy spectrum of the Hamiltonian H eff as a function of ξ = η/πj for α = 1/j where we have chosen an even value of spin j = 20. We note that odd values of j would bring about changes in the spectrum. The spectacular butterfly appearance for the static approximate eigenspectrum is in remarkable agreement with the quasienergy spectrum of the original double kicked top [6, 7] . The spectrum shows qualitative similarity with the Hoftstadter butterfly [12] owing to the presence of the quasiperiodic term. This feature is however along the off-diagonal nearest neighbor band and is therefore different from the Harper/Hofstadter case where it appears along the diagonal. In order to study multifractality of the energy spectrum, we set η/j at an irrational value of the golden ratio G r = ( and a large value of j = 2500. To study the statistical property of the energy spectrum, we consider histogram of eigenvalues for different scales. The level distribution ρ(E) exhibits remarkable self-similarity as seen in insets of Fig. 1(b) . The quantitative measure of the selfsimilar behavior is done by using the generalized fractal dimension. Dividing the full range of the energies into N bins of size s each we use the standard box-counting to obtain the probability p s (i) of finding a given energy eigenvalue in the i-th bin. The scaling exponent τ q is related to the q-th moment via the partition function To study the statistical properties of the eigenstates, we consider the distribution of various quantifiers of fractal behavior. Fig. 2(a)-(b) show the distribution of D 2 = −τ 2 and D 5 = −τ 5 /4 over all the eigenstates. We find that about ∼ 40% of the eigenstates have very small values of the fractal dimensions. These states do not exhibit any fractal nature. Significant fractal behavior (0.1 (D 2 or D 5 ) 0.8) is exhibited by relatively small fraction of the eigenstates. Fig. 2(c) shows the distribution of the slopes µ of the τ q vs. q curves. We find that the large number of eigenstates which correspond to small values of D 2 and D 5 also do not show multifractality and for these states µ ∼ 0. We conclude that the eigenstates which exhibit fractal properties are small in number and these states also exhibit multifractality. The participation ratio (PR) for the n-th eigenstate defined as P R = 1/ m |c (n) m | 4 measures the number of basis states over which the given state has significant support. Fig. 2(d) shows the distribution of the PR for all the eigenstates. We see that about 50% of the eigenstates have PR less than 20 which means that, for these states, out of d = 2001 basis states, about 1980 basis states do not have any component. These states are hence extremely localized. An important feature of the eigenstates of the effective Hamiltonian is the existence of a dominant proportion of localized states. These are also the states which do not exhibit fractal property.
Having studied the self-similar spectrum of the effective Hamiltonian in Eq. (6), we propose a general form of such Hamiltonians constructed using SU (2) operators. We consider a Hamiltonian of the form
where A = +j m=−j (|m m + 1| + |m + 1 m|) in the J z eigenbasis {|m } and X = η(2 J z + ½)/2j. We note that the operator A is tri-diagonal in this representation with diagonal elements zero and off-diagonal elements are unity. The presence of the cosine term may lead to fractal spectrum for irrational values of η/j. Fig. 3 shows the energy spectrum for several choices of parameters a, b and operator C as summarized in Table I . All these cases reveal different forms of butterfly spectrum. Fig. 3(a) is in fact very similar to the effective Hamiltonian for the double kicked top given in Eq. (6). We note that Fig. 3(a) , (b) and (d) correspond to the Hamiltonian having only non-zero super-and subdiagonal elements whereas 3(c), (e), and (f) have both diagonal and off-diagonal elements. Fig. 3(f) corresponds to the Harper/Aubry-Andre Hamiltonian where the super-and sub-diagonal elements are unity and the cosine modulation is along the diagonal [11, 12, 18] . Multifractal property of all these energy spectra is shown in Fig. 3(g)-(h) . Table I summarizes the values of the slope µ for all the τ q − q curves in Fig. 3(h) . Though the spectra look visually different from each other their fractal properties show remarkable similarity as is quantitatively encapsulated in Fig. 3(h) .
The Hamiltonian in Eq. (7) comprising of SU (2) generators with a = 0, b = α and C = α½ has a close resemblance with the Hamiltonian representing non-interacting electrons moving in a 2D periodic square lattice with an external magnetic field. This variant of the usual Landau level problem where translation invariance of the lattice is broken in the presence of a constant magnetic field Table I . (g): Shows the multifractal property of these spectra.
maps to the celebrated Harper/Aubry-Andre equation in the tight-binding approximation [11, 12, 18] . The Hamiltonian consists of an uniform nearest-neighbor hopping contribution and an onsite potential varying periodically with lattice site:
2 cos 2πnσ |n n| + |n n + 1| + h.c. (8) where the summation extends over all the lattice sites. The corresponding energy spectrum for irrational σ gives the Hoftstadter butterfly. If the onsite term is switched on and off at regular interval of time T one has the kicked Harper model. The Floquet analysis for the kicked Harper model has been studied [8] . We investigate the effective time-independent approximate Hamiltonian obtained using Eq. (6). We have assumed
2α cos 2πnσ |n n|
where
The correction term in Eq. (9) accounts for the kicked nature of the onsite potential in the effective static approximation. and H
eff , respectively. Both show almost similar butterfly pattern. The self-similar nature of the spectra for σ = G r is evident in Fig. 4(c) -(f) which shows the spectral density at different energy scales. The multifractal nature of the spectrum of H (h) eff is shown in Fig. 4(g) . The linear fall of τ q with q has a slope of −0.597. The difference of τ q for the spectrum of H (h) and H eff . The distribution of the slopes µ of the τ q − q curves are compared for the eigenstates of H (h) and H (h) eff in Fig. 4 (k). Hence we find that the effective static Hamiltonian for the kicked Harper model though gives a very similar energy spectrum as the original Harper system, the fractal properties of the eigenvectors are considerably different for the two cases.
We conclude by noting that a wide class of kicked systems with Floquet butterfly spectrum also show selfsimilar behavior in the energy spectrum of their corresponding effective static Hamiltonian. The multifractality in the energy eigenstates are also found to be an useful quantifier to distinguish the self-similar properties of the spectrum for different Hamiltonians even when their eigenvalues show insignificant difference in fractal property. The effective Hamiltonians, though approximate, can be used to study statistical properties of such selfsimilar spectra for a wide range of time-dependent problems.
I. SUPPLEMENTARY MATERIAL: SELF-SIMILAR SPECTRUM IN EFFECTIVE TIME INDEPENDENT HAMILTONIANS FOR KICKED SYSTEMS
We consider a general time-dependent Hamiltonian H(t) = H 0 + V (t), with a time-periodic potential V (t) = V (t + T ) of periodicity T has a Floquet operator F (t) which is the time-evolution operator for one time-period. The method used in Refs. [13, 14] factors the timeevolution unitary operator U (t i → t f ) between times t i and t f = t i + T , as a sequence consisting of an initial kick followed by an evolution under a time-independent Hamiltonian and final kick [14] .
where U(t) = e i F (t) so that F (t) = F (t + T ) with vanishing average over one time period. For high-frequency forcing, the operators H eff and F (t) are expanded as a perturbation series in 1/ω given by
This along with Eq. (10) can be used to obtain H eff and F (t) up to any desired order of perturbation. At each order of perturbation, the average time-independent part, in this method, is retained in H eff and all the timedependence pushed to the operator F (t). The convergence of the perturbation series is to be checked on case by case basis [13, 14] . Expanding the periodic potential V (t) in a Fourier series we have
In terms of the Fourier coefficients, the truncated series for H eff and F (t) up to O(1/ω 2 ) may be written as 
This general expression for the approximate effective static Hamiltonian for periodically driven systems is used in the article. 
